Abstract: The goal of this work is to develop the Albanese theory for symmetric differentials w of rank 1 (i.e. locally w| U = f µ m , where
Introduction
Let X be a projective manifold of dimension n, a symmetric differential of degree m is a section of the m-th symmetric power of the sheaf of holomorphic 1-forms, S iii) The presence of a nontrivial holomorphic 1-form µ imply that the abelianization of π 1 (X) is infinite.
In this work we will give an extension of these properties for rank 1 symmetric differentials of all degrees.
The notions of closed and locally exact symmetric differentials will be generalized to symmetric differentials of all degrees (and arbitrary rank). In essence a symmetric differential w of degree m is closed (locally exact) if around the general point (all points) of X w is the product of m exact 1-differentials. It will be shown that any symmetric differential of rank 1, w, on a projective manifold X is locally of the form w| U = (df ) ⊗m , outside of a locus of codimension 1. Hence w is closed, but not necessarily locally exact. This result will be derived from the existence of a ramified covering g : X → X for which g * w = µ m , where µ is a holomorphic 1-form on X . As a consequence, one has that the singular foliation F w defined by w either has a nonalgebraic integral or gives a fibration over a curve.
With respect to property ii) it will be shown that the presence of a nontrivial symmetric differential, w, of rank 1 of degree m on a projective manifold X implies the existence a holomorphic map into a quotient of an abelian variety A w by a cyclic group, f : X → A w /Z d (d | m), and w is is the pullback of an orbifold symmetric differential on A w /Z d .
The topological property iii) will have the following counterpart: there is a divisor E which is contracted by the map f : X → A w /Z d for which π 1 (X \ E) is infinite (in fact, π 1 (X \ E) has a subgroup of finite index with infinite abelianization). The divisor E can be chosen to have the following negative property: if S is a general complete intersection of X of dimension 2, then E ∩ S is negative divisor of S. Thus if X has dimension two, then there is a contraction of X to compact singular complex surface X with the image of E consisting of a finite set of points. It is clear in the case when dim f (X) = 2 but we show that it holds even if f (X) is a curve.
The above results are also extended to twisted symmetric differentials of rank 1, i.e. sections of S m (Ω 1 X ) ⊗ L, where L ∈ P ic τ (X) is a C * -flat line bundle on X. Apart from their independent interest, twisted symmetric differentials of rank 1 appear in the decomposition of closed symmetric differentials of higher rank. Twisted symmetric differentials of rank 1 inherit some of the geometric properties of twisted holomorphic differentials which were studied by GreenLazarsfeld, Beauville and Simpson [GrLa87] , [Be92] , [Si93] to understand the cohomology locus S
The case where L is torsion is similar to the nontwisted case. In the case where L is nontorsion one obtains that the presence of a nontrivial
of rank 1 on X implies the existence of a holomorphic map into a smooth curve of genus ≥ 1, p : X → B, such that w is the pullback of twisted orbifold symmetric differential on the curve B. Moreover, there is a divisor N with the same negative properties as E above such that π 1 (X \ N ) is hyperbolic and the induced foliation F w gives a fibration over a curve.
Closed symmetric differentials
It is well known that in the case of holomorphic 1-forms, µ, the presence of a nontrivial closed differential µ implies the topological property that the 1st-Betti number dim H 1 (X, C) = 0. The condition of µ being closed, is necessary since there are simply connected complex of manifolds of dimension ≥ 3 with nontrivial holomorphic 1-forms. In the case X is a compact kahler manifold, the connection between holomorphic 1-forms and the homology of X is always present since all holomorphic 1-forms are closed and can be stated in the stronger form: the dimension of H 0 (X, Ω 1 X ) determines the 1st-Betti number of X. For differentials of higher degree the kahlerian condition on X is not sufficient to guarantee a link between the presence of symmetric differentials on X and the topology of X. An example of this fact is the noninvariance of the space of symmetric differentials on families of smooth projective manifolds X t despite all X t having the same underlying topological manifold (see [BoDeO06] for an example of a family of simply connected projective surfaces for which the general member of the family has no symmetric differentials while some special members have infinitely many).
To expect to derive topological properties one needs to introduce, as is done in the case of holomorphic 1-forms, the notion of closed symmetric differentials.
iii) closed on X if it is exact in a neighborhood of a general point of X.
Remarks:
i) the definition of a closed differential presented here is general (in particular, it is not specific to rank 1 symmetric differentials).
ii) the condition of a symmetric differential being closed or exact is not linear for degrees ≥ 2.
iii) the condition of being locally exact and the condition of being closed coincide for symmetric differentials of degree 1, but that is no longer true for higher degrees even in the case of rank 1. This fact is reflected nontrivially on the topological geometric properties that can be derived from either type of symmetric differentials of rank 1, see next section.
The next proposition describes the locus where a closed symmetric differential fails to be locally exact and describes the local form of closed but non locally exact symmetric differentials. The next step consists of showing that all symmetric differentials of rank 1 on projective manifolds are closed. This result will be a consequence of the result stating that there are ramified coverings where the pullback of the symmetric differentials of rank 1 are the m-th power of a global holomorphic 1-forms. To achieve this last result it is useful to translate symmetric differentials of degree m on X to sections of the line bundle The subvariety Z w can be decomposed into the sum of the horizontal and vertical components relative to the projection π :
The vertical component is the pullback of the divisor of zeros of w, Z w,v = π * D 0 . The differential w is of rank 1 if the horizontal divisor is of the form:
As described before (2.4) is equivalent to the symmetric differential w to be locally of the form
A symmetric differential of rank 1 defines at every x ∈ X \ D 0 a single hyperplane in T x X passing through the origin (in general a symmetric differential of degree m defines a cone on T x X defined by a homogeneous polynomial of degree m). 
iii) w is closed (moreover, it is locally exact in case i)).
Proof. Given a symmetric differential w of degree m and rank 1 on X, we can find a covering {U i } of X where w| 
The variety X can be constructed with an action of Z d since X has a cyclic action and one can do an equivariant of X ( [AbWa97] .
The claim iii) follows from i) and ii) since away from the ramification locus w is locally the m-th power of a holomorphic 1-form whose pullback by g is closed.
A symmetric differential w of rank 1 defines a foliation F w whose leaves are the hypersurfaces on which the pullback of w vanishes. Using theorem 2.3 one has that there is a ramifified cover for which the pre-image of the leaves of F w are the leaves of a foliation defined by a holomorphic 1-form, this leads to: Proof. Theorem 2.3 gives a cyclic ramified covering f :
The pre-image of the leaves of the foliation F w are the leaves of the foliation F µ defined by the holomorphic 1-form µ on X , for which the desired dichotomy holds. If F w has a 1-dimensional family of compact leaves, then so does F µ and hence there is a map onto a curve h : X → C whose fibers are the leaves of F µ . Moreover the map h comes from the Albanese map a X : X → A(X ) composed with the quotient map p : A(X ) → A/T µ , where T µ is the maximal abelian subvariety of A(X ) contained in a leaf of the form
The cyclic action on X induces a cyclic action on A(X') which descends to A/T µ (µ is an eigenvector for the associated linear action on H 0 (A(X ), Ω 1 A(X ) )). The curve C is just the image of X under the map p • a X which is an equivariant map for the cyclic action, hence the map h : X → C descends to a map f : X → C, where C is the cyclic quotient of C , giving the desired fibration on X.
Holomorphic maps and topological properties
The purpose of this section is to describe the complex geometric and topological properties associated with the presence of symmetric differentials of rank 1 on a projective manifold.
Structure theorem.
As a starting point, it will be shown that if a complex manifold X has a symmetric differential of rank 1 that is locally exact, then there are purely topological implications on X. 
O X . The conclusion follows from the fact that if the abelianization of π 1 (X ) is finite, then the periods of f * µ would be trivial and its integral would define a nonconstant holomorphic function on X .
It was shown in the previous section that the hypothesis of the above proposition hold if X is a kahler manifold and w is a m-symmetric differential of rank 1 for which all multiplicities of the components of its zero divisor are divisible by m.
As was described and announced in the previous section, there are global symmetric differentials of rank 1 which are not locally exact and different geometric properties should be expected from their presence. One of the key differences is that in contrast with the above proposition, there are simply connected compact kahler manifolds nontrivial symmetric differentials of rank 1. Example: there are simply connected surfaces with nontrivial closed differentials. The example to be described is inspired in our previously example [BDeO06]. Let A 3 be a 3-dimensional abelian variety. Consider a surface X which is a smooth hypersurface section of A 3 of sufficiently high degree, invariant under the natural involution θ = −id and passes through one and only one (for simplicity) of the fixed points of θ, call this point p. The claim is that the minimal resolution of X of X/θ is one of the desired examples.
The manifoldX is simply connected since H
To see this we opt for an explicit description. After the appropriate choice of coordinates around p on A 3 , X can be locally described by {z 3 = f (z 1 , z 2 )} where:
where l ≥ 1 (this form guarantees invariance under θ and dz 3 | T x X = 0). The differential w is given by w = dz 3 = df . Let X be the auxiliary surface obtained by blowing up X at p. This surface comes with the blow up map at p, σ : X → X, and a double cover map ontoX, g : X →X. A point in σ can not be locally exact along E.
The example just described has the key characteristics of the general case as the following result shows. 
ii) π 1 (X \ E) is infinite. More precisely, π 1 (X \ E) has a normal subgroup Γ for which π 1 (
X \ E)/Γ is cyclic of order ≤ m and its abelianization, Γ/[Γ, Γ], is an infinite group. The divisor E is nonpositive in the sense that it is contracted to a point by the map a w
Proof. Recall that theorem 2.3 constructed a covering f : X → X ramified over the divisor E for which f * With respect to the equality (3.3), the inclusion a * 2) The pre-image of the ramification locus f 
of symmetric m-th differentials on the orbifold A w / Z d (by definition). The pullback of this symmetric differential is w finishing the proof of i).
Part ii) is a direct consequence of the theorem 2.3 as the theorem implies that H 1 (X , Z) is infinite and therefore
holds and part ii) follows. The part of E being contracted follows from i).
Concerning the negative properties of the divisor E appearing in the Structure Theorem one has two distinct cases: 1) a w (X ) has dimension ≥ 2, then the relevant negative property of the divisor E is that E is contracted via a holomomorphic map to a locus of codimension ≥ 2; 2) a w (X ) = 1, in this case E needs not have negative properties. The next section addresses second case and it will be shown that one can find a divisor N ⊂ E with negative properties, .
Symmetric differentials induced from curves.
We consider the case when the symmetric differential of rank 1, w, on X is induced from a curve C, i.e. there is a holomorphic map f : X → C and an orbifold symmetric differential u in C such that f * u = w. This occurs for example when in the structure theorem the image a w (X) ⊂ A w /Z d is curve. Note that in this case the foliation defined by w is algebraic.
One of aims of this section is to show that also when w is induced from a curve one can find a divisor N on X such that π 1 (X \ N ) is infinite and N has negative properties. Actually, the result shown will be stronger: in the case w is induced from a curve one has: either π 1 (X) is infinite or exists an N with the negative properties (a general complete intersection S of dimension 2 in X has N ∩ S as a negative divisor) such that π 1 (X \ N ) is hyperbolic, i.e. it has a subgroup of finite index which surjects onto a free group F n , n ≥ 2. The negative properties of N follow from the fact that its connected components are properly contained in the fibers of f . Theorem 3.2 for the case w is induced from a curve gives in particular the following diagram: (3.5)
C is the normalization of the curve a µ (X ) in A w and C is the quotient of C by
To extract the desired geometric properties for X (i.e. the existence of a divisor N ⊂ X with negative properties such that π 1 (X \ N ) is infinite) the only requirements needed on X will be existence of a holomorphic map f : X → C such that the pullback of an orbifold symmetric differential on C (relative to some orbifold structure on C) is holomorphic on X.
Theorem 3.5. Let X be a projective manifold with a holomorphic map f : X → C to a smooth curve C such that there is an orbifold symmetric differential u on C with holomorphic pullback f * u. Then X has a divisor N which is contained in the fibers of f but does not contain any fiber such that:
Proof. One can assume the fibers of the map f are connected (if f is not connected use the connected map from the Stein factorization of f and the fact that the orbifold symmetric differentials are preserved via pullback by the finite map in the factorization). If the genus of C is g ≥ 1, then i) is immediate and ii) follows from the arguments described below for the case C = P 1 plus the fact that the orbifold fundamental group of an elliptic curve with nontrivial orbifold structure is hyperbolic.
What remains is the case C = P More generally, u has r poles p i ∈ P 1 with orders l i , i = 1, ..., r for which
The condition that the pullback f * u is holomorphic implies that the multiplicities of irreducible components D ij of the fibers
This follows from the fact that the pullback of z (3.8) 
and is hyperbolic if the strict inequality holds. Finally the bounds (3.7) and the equality (3.6) give exactly (3.9) (
The hypothesis of item ii) (f * u vanishes along a fiber of f ), implies that one of following holds: a) u vanishes somewhere on P Proof. If the divisor of zeros (w) 0 is trivial, then by theorem 2.3 π 1 (X) is infinite. Otherwise by hypothesis and theorem 3.2 there is a fibration f : X → C onto a curve C with f * u = w, u an orbifold symmetric differential on C. The divisor of zeros (w) 0 must be contained in the fibers of f and we are in the case ii) of theorem 3.5 concluding the proof.
Concerning what negativity properties one can obtain on divisors whose complement has infinite fundamental group, the next definition sets the goal. Proof. The Structure Theorem proves the result with N = E if dim a w (X) ≥ 2. The case when the image a w (X) is a curve is settled using the N of corollary 3.6.
3.3. Twisted symmetric differentials of rank 1.
In this section one considers rank 1 twisted symmetric differentials, 
The relevance of twisted symmetric differentials of rank one on the topic of closed symmetric differentials comes from the fact that they appear naturally in the decomposition of closed symmetric differentials of higher rank, see [BoDeO10] . 
The line bundle L ∈ P ic τ (X) might not be divisible by m. So one does the abelian Galois covering h : Y → X associated with the surjection of π 1 (X) to
The next step is the use of the straightforward generalization of theorem 2.
One then proceeds to apply the results of [Gr-La87], [Be92] 
2 is non torsion, the work of Simpson [Si93] ii) is a consequence of theorem 3.9 and the arguments of theorem 3.5. Consider the holomorphic map p : X → C built in theorem 3.9 where g(C) ≥ 1. If none of the fibers of p has multiplicity ≥ 2, then the twisted symmetric differential u = H O if C is elliptic. If some fibers have multiplicity ≥ 2 then either π 1 (X) is hyperbolic (case all the irreducible components of the multiple fibers have multiplicity equal to the multiplicity of the respective fiber) or set N to be the union of all the irreducible components of the fibers whose multiplicity differs from the multiplicity of the respective fiber. The conclusion follows from the same arguments used in theorem 3.5.
